
C O M P L E T E  T H E R M O D Y N A M I C  E Q U A T I O N S  

O F  S T A T E  O F  M E T A L S  ( S O L I D  P H A S E )  

V.  A.  Z h d a n o v  a n d  A.  V .  Z h u k o v  UDC 539.2 

Complete  thermodynamic  equations of s ta te  of solids a re  constructed e i ther  on a phenome-  
nological basis  [1], o r  on the basis  of model  representa t ions  at the atomic level  [2]. The 
f i r s t  way necess i t a t e s  a thorough p re l imina ry  exper imenta l  study of the thermodynamic  
p r ope r t i e s  of the mate r i a l  as a basis  fo r  establ ishing a sys tem of par t ia l  different ial  equa- 
t ions.  In the second case  a valid model  leads not only to explicit  functional re la t ions be-  
tween the rmodynamic  quantit ies ove r  a broad range of values of the p a r a m e t e r s ,  but also 
makes  it poss ib le  to re la te  the macroscop ic  cha rac t e r i s t i c s  of the mate r i a l  to its atomic 
c h a r a c t e r i s t i c s  and to d i scover  the mechan ism of the phenomena under  considerat ion.  Since 
a model  without p a r a m e t e r s  is genera l ly  impossible ,  it is sufficient to use the exper imental  
values of a few easi ly  measu red  quantit ies to de te rmine  the adjustable p a r a m e t e r s .  Thus, 
var ious fo rms  of Mie- -Grune isen  equations of s tate  a re  obtained depending on the specif ic  
assumptions  about the s t ruc tu re  of the ma te r i a l ,  the s t rength  of the in tera tomic  binding, and 
the na ture  of the motion of the mic ropa r t i c l e s  which const i tute the mate r ia l .  Using t hequas t -  
harmonic  approximat ion of so l id -s ta te  theory  and the Debye model  of t he rma l  vibrat ions,  we 
der ive  a ca lor ic  equation of s tate  which enables us to develop a complete  thermodynamic  de- 
scriptio~n fo r  a number  of meta l s .  

We der ive  an express ion  fo r  the internal  energy as a function of the in ternal  var iables  by using t hequas i -  
harmonic  approximat ion of Solid s ta te  theory  and the Debye model of the rma l  vibrat ions,  assuming that the 
effect  of the t he rma l  exci tat ion of the e l e c t ron s  of a meta l  is negligibly small  in compar i son  with the lat t ice 
pa r t .  

F o r  high t e m p e r a t u r e s  we have [3] 

E = E c + 3 N k T ( i . - ~ y '  t 2_1_6~t y 4 + . . . ) ;  (1) 

S 4 _~oy ~ i a q = - ~ = - ~ - - l n y +  . +  --  2-~ffY + . . . .  (2) 

w he re  y=@/T;  Ec and @, cold energy and the cha rac t e r i s t i c  t empera tu re ,  which depend only on the volume 
strain;  T, t empera tu re ;  k,  Boltzmann constant;  N, number  of pa r t i c l e s .  The expansions in Eqs. (1) and (2) con-  
verge  rapidly  fo r  mos t  meta l s  beginning at room t em p e ra tu r e s ,  i .e. ,  t e m p e r a t u r e s  at which shock exper iments  
a re  genera l ly  p e r f o r m e d .  This  enables us to l imit  ourse lves  to quadrat ic  t e r m s  in these  expansions. El imi-  
nating the t e m p e r a t u r e  f rom (1) and (2) we obtain 

E'= Ec+ 3NkO(p(q), (p(q) = eq--4/3(t -l- t _2(a/3--q)~ (3) 

It iS convenient  to t r a n s f o r m  Eq. (3) to a fo rm which explicit ly separa tes  the energy of isentropic  compress ion  
Ei with the entropy So, cor responding  to the initial conditions (ordinari ly T 0-~ 300~ p = 0) f rom the entropy 
energy  Es 

0 r (q) - ~ (qo) (4)  E = E i + Es, Es = 3NkT~ Oo ~" (qo) 

where  the p r i m e  denotes dif ferent ia t ion with r e s p e c t  to q. 

Equation (4) is valid at room t e m p e r a t u r e s  and above. A s im i l a r  express ion  can be der ived for  T<< @6 
i n t h i s  case  r ~ q 4 / 3  We were  not able to cons t ruc t  an explici t  express ion  for  the internal  energy as a func-  
tion of the entropy fo r  in te rmedia te  t e m p e r a t u r e s .  Henceforth we cons ide r  only high t em p e ra tu r e s .  
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TABLE 1 

C(2) 
iaterial 11 

.C~ 2002 
A1 1113 
Pb 529 

112 123 Ya 

t055 
6t0 
361 

kbar 

22 580 6320 i030 
t3 290 2450 480 
5 760 2t90 560 

10,5 
7,6 
4,t 

Y0 

2,0i 
2,18 
2,4t 

2,2 
0,5 
2,7 

 ll) 

4,2 
2,5 
4,7 

It is c l ea r  f rom the form of Eq. (3) that the entropy and s t ra in  do not enter  the internal energy in equiva'- 
lent ways.  The dependence of E on S does not involve the proper t ies  of the pa r t i cu la r  mater ia l .  Hence i tfollows 
di rec t ly  that the specific heat C V depends only on the entropy 

Cv = oE/OS ~ 3 N k ( l _ ~ e 2 ( ~ / 3 - q ) )  
02g/OS 2 ~ . 

TO make the dependence of E on the s t ra in  m o r e  specific it is expedient to consider  separate ly  s t r e s se s  of 
modera te  intensity and s t r e s s e s  produced behind strong shock fronts.  

The t rea tment  of the propagat ion of s t r e s s  waves of modera te  intensity in a mate r ia l  is c losely related 
1:o the t ensor  c h a r a c t e r  of the equations of state.  Ordinarily,  equations of state following f rom the general ized 
Hook&s law are  employed for  these purposes .  Thermal  effects are  neglected. 

Using Eq. (4) fo r  the internal energy we derive complete thermodynamic equations of state in t ensor  
form~ We introduce the dis tor t ion t enso r  A to cha rac te r i ze  the change in the radius vec tor  a as a resul t  of a 
uniform s t ra in  in the labora tory  Car tes ian  coordinate sys tem a = (1 +A) a 0. The components of the finite s t ra in  
t enso r  e are  expressed in t e rms  of A in the form 

e :( t /2)(A + A* 4- A'A),  

where the as te r i sk  denotes t ransposed ma t r i ce s .  We expand E in a ser ies  in ~ for  the initial state 

E--  E 0 t (2) e t C~3h)m,~rse~kemnSr~ 4 3NkTb [1 ~(t) t ihmn ~h m~) ~ (q) ~ (%) - -  F (2) s ~ \ - -  ( 5 )  

where C.(. 2) and C~ 3) , the comuonents of the second and third o rder  adiabatic elastic moduli tensors ,  a re  t~m~n ~k~nr~ - 
the corresponding dterrwattves of Ei with respec t  to e; F(~ and Fi2)~n are  the components of the f i rs t  and 
second Gruneisen coefficient t ensors .  

Taking account of the small  contribution of the entropy t e rm in compar ison  with the isentropic part  in 
the range of s t ra ins  under considerat ion,  we can limit ourse lves  to quadratic t e rms  in ~. 

The components of the s t r e s s  Xik as functions of the distort ion t ensor  A 

t [ (  0E A*),,~], (6) Xik----7 l + A ) m ~ ( i +  

the t empera tu re  " 

T = T ~ ( l  ~(') t~(2) , . ~'~'(q) 

and other the rmodynamic  quantities can be derived f rom (5) in the usual way. 

The fourth rank t enso r  C(2) for  an isotropic mater ia l  is charac te r ized  by the two Lam~ coefficients; X 
and/~; the third o rde r  elastic moduli t ensor  C (a) is reduced to three  Murnaghan coefficients:  l, m,  and n. In 

the Voigt notation X=C(2), ~= (C (~)-C (2))/2, /=C(@/2, m =  (C (3) - C  (a))/4, n= (C (3) +2C!~)-3C!~!)/2 The F (0 12 11 12 112 111~ 112 111 ~a 11z �9 
t ensor  is t r an s f o rmed  into a sphe r i ca l t enso r  with a component Y0 (the thermodynamic  Gruneisen coefficient) and 
t:he quantities I ~ m  n are  determined f rom the t empera tu re  dependence of the s econd -o rde r  elast ic module 

~,~(2) ~(2) ) 
p(2).tikmn ~ __ "~o aBt ~ihmnOT "~- ~ihrnnop ~ih~mn ~- ~im~hn "~- ~in~hm ' 

where  (~ is the volume coefficient of expansion, B is the bulk modulus,  and the derivat ives  of C(2) with respect  
to the p r e s s u r e  p a re  expressed in t e rms  of the components of the t ensor  C (3) 

There  are  prac t ica l ly  no reliable values of the Murnaghan coefficients in the l i te ra ture .  Therefore ,  we 
determine them, and for  general i ty  the Lain6 coefficients also, by using the Voigt--Hil l --Reuss scheme [4] to 
re la te  the elast ic moduli of an isotropic polycrys ta l  to the known values for  a single c rys ta l .  

The coefficients in Eq. (5) determined in this way are  listed in Table 1 for three  meta ls .  
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TABLE 2 

v, kbar 
To=300 '~K 

- t 0  
0 

20 
40 
6O 
8O 

t00 

~,kbar 

457 
473 
503 
53O 
553 
575 
594 

Cu 

0,345 
0,345 
0,346 
0,348 
0,349 
0,35t 
0,352 

o. kbar 

233 
251 
284 
311 
334 
355 
372 

A1 

0,357 
0,354 
0,35t 
0,350 
0,350 
0,350 
0,35t 

0, kbar 

70 
84 

i02 
tt3 
121 
125 
i27 

Pb 

0,407 
�9 0,406 
0,407 
0,4tt 
0,4t5 
0,420 
0,424 

Table 2 l ists  the calculated values of the effective shear  modulus G and Po i s son ' s  rat io v for i so thermal  
compress ion  up to a p r e s s u r e  of 100 kbar.  The shear  modulus increases  by ~50%, but v var ies  much m o r e  
slowly with p r e s su re .  For  copper  and lead u increases  monotonically by 2 and 4.5% respect ively .  For  alu- 
minum v f i rs t  dec reases ,  and then above ~50 kbar  it begins to increase .  The dec rease  of v with p r e s s u r e  
for aluminum and its increase  for  copper  and lead a re  in good agreement  with the est imate  of ~)u/~p made in [5]. 

A compar i son  of the equations of state following f rom the general ized Hooke's  law and f rom Eq. (6) showed 
that beginning with a s t ra in  of 2-3% there  is an appreciable d iscrepancy in the resul ts .  For  example, for a 
volume s t ra in  of 5~o the difference in p r e s s u r e  is ~ 20%. 

Analysis of the calculated t empera tu re  dependences of the coefficient of thermal  expansion, the specific 
heat  Cp, and the quantities considered above, showed that the equations of state (6) co r r ec t ly  descr ibe  the be-  
havior  of a mater ia l  for  p r e s s u r e s  up to 100 kbar  and t empera tu res  f rom ~ 200~ to the melt ing point. 

These equations of state can be used to const ruct  models of elastoplastic media  to solve specific prob-  
lems of the mechanics  of a continuous medium, in pa r t i cu la r  problems related to the repeated plast ic defor-  
mat ion of a mater ia l ,  leading to a substantial increase  in entropy. 

To analyze the state of mater ia l  attainable behind s t rong shock fronts and accompanying phenomena such 
as heating and isentropic unloading it is sufficient in a number  of cases  to cons ider  volume s t ra ins  only. Tak-  
ing account of the appreciable increase  in entropy in shock loading, it is reasonable in this case  to retain only 
the f i rs t  t e r m  in r (q), which cor responds  to a constant  specific heat C V =3Nk. 

The basic relat ions in this approximation have the form 

E = E i + 3 N k T  o ~ (eq-q~ - -  1); (7) 

, 3NkTo 0 ( e q _ q . _ i ) ,  T = T o O e q _ q , ,  
P = P i t-  - - -  7 - -  "~ -~o (8) 

where the Gruneisen coefficient Y is related to | by the equation 

O=OoeX p . d V  . (9) 
V 

Unknown functions Ei and T enter Eqs. (7)-(9). An analysis  of numerous calculat ions of the Gruneisen 
coefficient shows that T ( V ) / V  can be assumed approximately constant and equal to ~/0/V 0. Then | =| exp(~/0(1- 
x)), x =V/V 0. Any interpolation express ion which can represent  the cold compress ion  energy E c can be used 
r special ize the dependence of the energy of isentropic compress ion  E i on volume. Cer ta in  considerat ions 
show that for  p r e s s u r e s  in the megabar  region, when the shell s t ruc ture  of the atoms has still not been dis-  
turbed [6], this dependence must  be exponential 

B 0 
0 ~ [exp (28 (i - -  xl/3)) --  2 exp (8 (t - -  xi/3))]. (10) Ei = ~ V| 

This potential is widely used in the l i te ra ture  to analyze bulk proper t ies  of a mater ia l ,  and calculations 
show that it is a good approximation.  The p a r a m e t e r s  in (10) are  determined f rom the condition that the shock 
adiabat and the isentrope Pi have contact of the second order .  If a l inear  relat ion D = a + b u  is used between 
the shock front velocity and the mass  velocity, we have 

B ~  ~, p • 2 ( 2 b - - t ) ,  (11) 

where P| is the density. 
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TABLE 3 

Parameters cu AI Pb 1~Io W U 

I p, Mbar 
T, ~ 
VIVo 
u, km/sec 

lI P, Mbar 
u, km/sec 

Tmp,'I(, p=O 
r~p(V.), "K 

2,05 
5370 
0,648 
2,8 

t,5 
2,3 

t,0 
3500 
0,645 
3,55 

0,65 
2,65 

0,47 
2500 
0,700 

0,25 
0,75 

2,8 
7000 
0,657 
3,i 

2,25 
2,7 

3A4 

0,650 
2,5 

2,85 
2,2 

t,i6 
3800 
0,700 
t,36 

0,9 
t,t5 

t406 
157t 

Equations (7)-(11) represent  a completely  determined sys tem of functions which can be used to calculate 
and analyze the p roper t i es  of a ma te r i a l  at high hydrodynamic p r e s s u r e s  and high t empera tu res .  Using these 
equations we calculated shock adiabats, bulk sound speeds,  the t empera tu re  behind shock fronts,  residual  t e m -  
pe ra tu res ,  and a number  of other  thermomechanica l  proper t ies  of a mater ia l .  The most  significant quantity 
in the sense of interpolation proper t ies  of the express ion chosen for the internal energy is the speed of sound, 
since it cha rac t e r i ze s  the slope of the shock adiabat. For  all the metals  considered (Cu, A1, Pb, Mo, W, U) 
the d i sc repancy  between our calculations and the experimental  values in [7] and the dependence of the speed 
of sound on p r e s s u r e  calculated in [8] did not exceed a few percent  up to compress ions  x~0.65.  

The solid curves  of Fig. ] a re  the calculated shock adiabats for  copper  in T - V  and p - V  variables .  The 
points plotted are  experimental  values of pg and calculated values of Tg f rom [7]. They are  in good ag ree -  
merit with our  calculat ions.  The dashed curves  represen t  unloading isentropes f rom the shock adiabat to zero  
p r e s s u r e .  The i sobar  p = 0 is on the left-hand side of Fig. 1. The plotted points are  calculated from the t e m -  
pe ra tu re  dependence of the coefficient of thermal  expansion. Similar  resul ts  hold for other metals  also. 

It follows f rom the resul ts  presented above that Eqs. (7)-(11) a re  suitable for  investigating the behavior  
of meta ls  under la rge  dynamic loads.  Equations (8) make it possible  to reduce the Ltndemann melting c r i t e r ion  
relat ing the melt ing point to the cha rac te r i s t i c  t empera tu re  | to the form [2] 

f o ~ f  v W Tmp (V) = Tmp(V~ ~-~0] ~'-~0 ] -~ Trap (V~ x2/a e2~'~ (12) 

where Trap(V0) is the melt ing point at constant volume V0. Its values calculated f rom Eqs. (8) and the exper i -  
mental  melt ing point at ze ro  p r e s s u r e  a re  shown in Table 3. It can be seen f rom (12) that within the f r ame-  
work of the approximations chosen, the melt ing point is determined by the volume of the mater ia l  only. 

The dot--dash curve  in Fig. 1 is the melt ing curve (12). The general  c h a r a c t e r  of its behavior  agrees  
with the experimental  fact  that the entropy increases  on melting (the melting curve  in tersects  the unloading 
isentropes) .  There  is a range of states on the shock adiabat where the mater ia l  behind the shock front is 
~qolid but mel ts  in the unloading wave. The values listed in par t  I of Table 3 a re  the cr i t ical  p re s su res ,  t em-  
pe ra tu res ,  volumes,  and mass  velocit ies s tar t ing f rom which melting is possible  in a shock wave, and the 
values in par t  H a re  the p r e s s u r e s  and mass  velocit ies of a shock wave beginning f rom which part ial  melting 
(ff the unloaded mate r ia l  may occur .  The values in par t  [I a re  considerably sma l l e r  than the corresponding 
values in par t  L 
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TABLE 4 

P'. Mbar 

t,00 
0.75 
0,50 

r-ro,'K p*,Mbar r-ro,?K 

650 
400 
i90 

0,35 
0,25 
0,17 

175 
105 
50 

485 
260 
i00 

0,42 
0,32 
0,21 

i25 
65 
24 

The d o t - d o t - d a s h  cu rve  in Fig. 1 is the mel t ing  c u r v e  f r o m  [9] where  it was calcula ted for  copper ,  
a luminum, and lead .  T h e r e  iS good a g r e e m e n t  between (12) and the co r respond ing  re la t ion  f r o m  [9] for  coppe r  
and a luminum.  F o r  lead the mel t ing  cu rve  f r o m  [9] is apprec iab ly  lower .  This  a p p e a r s  to r e su l t  f r o m  the 
fact  that  our  ca lcu la t ions  do not take  account  of the e lec t ron  component ,  which p lays  an apprec iab le  ro le  in 
lead according  to e s t i m a t e s  in the l i t e r a tu r e .  

F igure  2 fo r  c o p p e r  shows the dependence of the t e m p e r a t u r e  along the shock adiabat  Tg and the res idua l  
t e m p e r a t u r e  T r e  s on the p r e s s u r e  behind a shock front  for  a t h r e e - s t a g e  loading. The p r e s s u r e s  of 200 kba r  
behind the f i r s t  shock f ront  and 500 k b a r  behind the second were  chosen a r b i t r a r i l y .  The dashed cu rves  indi-  
ca te  the behav io r  of the re la t ions  when the re  a r e  no repea ted  loadings.  The points plotted w e r e  calcula ted in 
[8], and T I is the t e m p e r a t u r e  of the m a t e r i a l  in an [sent ropic  c o m p r e s s i o n .  

It is c l e a r  f r o m  Fig. 2 that  mul t i s t age  loading has an apprec iab le  effect  on the T - p  d i ag ram.  As the 
n u m b e r  of loading s tages  is i nc reased  the s lope of the Tg(p) cu rve  d e c r e a s e s ,  while the res idual  t e m p e r a t u r e  
r e m a i n s  p r ac t i c a l l y  constant  ove r  a wide range  of p r e s s u r e s .  This behav io r  of shock adiabats  indicates that  
i sen t ropic  (real ly quas i i sen t rop ic )  c o m p r e s s i o n  can  be achieved by a sma l l  n u m b e r  of succes s ive  loadings.  

In Fig.  3 the solid cu rves  for  coppe r  show the dependence of the res idua l  t e m p e r a t u r e  on the p r e s s u r e  
p behind the secondary  shock f ront  as a function of the p r e s s u r e  p* in the p r i m a r y  wave.  The open curves  
show the dependence of the res idual  t e m p e r a t u r e  on p*  fo r  a fixed p r e s s u r e  behind the secondary  wave front .  
It can be seen  f r o m  Fig.  3 that  t h e r e  is a ce r t a in  p r e s s u r e  in the p r i m a r y  wave which ensu re s  the min imu m 
res idual  t e m p e r a t u r e  a f t e r  i sen t ropic  unloading f r o m  the secondary  a d i a b a t w i t h a g i v e n p r e s s u r e .  The op t lmum 
value of p* is 30-40% of the p r e s s u r e  in the secondary  wave,  and the res idual  t e m p e r a t u r e  is approx imate ly  a 
f ac to r  of four  l o w e r  than with a s ingle  loading up to the s a m e  p r e s s u r e .  Table  4 shows the cor responding  
values fo r  coppe r  and tungsten.  The f i r s t  column gives  the p r e s s u r e  p, on the shock adtabat;  the second and 
fifth columns give the res idua l  t e m p e r a t u r e s  a f t e r  a s ingle loading to a p r e s s u r e  p ' ;  the th i rd  and sixth col -  
umns  give the op t imum p r e s s u r e  p* in the f i r s t  wave;  the fourth and seventh columns give the min imum r e s i -  
dual t e m p e r a t u r e s  which can be obtained in t w o - s t a g e  loading to the p r e s s u r e  p ' .  

The p roposed  equations of s ta te ,  based  on the r ep re sen ta t i on  of the in ternal  energy  as the sum of the 
i sen t rop ic  c o m p r e s s i o n  energy  and the entropy energy,  a r e  s u p e r i o r  to exist ing equations in pe rmi t t ing  a 
s i m p l e r  t r e a t m e n t  of i sen t ropic  p r o c e s s e s ,  which is pa r t i cu l a r ly  impor tan t  in the ana lys i s  of unloading p r o -  
c e s s e s .  By introducing the c h a r a c t e r i s t i c  t e m p e r a t u r e  into the ent ropy pa r t  the mel t ing  cu rve  can be d i rec t ly  
re la ted  to the equation of s t a te  of the m a t e r i a l  in t e r m s  of the Lindemann mel t ing  c r i t e r ion .  In con t r a s t  with 
[1] the p roposed  mel t ing  c r i t e r i o n  (12) c o r r e c t l y  d e s c r i b e s  the behav io r  of the ent ropy during mel t ing ,  and is 
cons ide rab ly  m o r e  convenient  in p r ac t i ca l  use  than [9]. 

The r e su l t s  obtained can  be used d i rec t ly  to develop models  of continuous med ia  and to analyze  the be -  
hav io r  of a m a t e r i a l  in a dynamic  act ion.  
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D E T E R M I N A T I O N  O F  T H E  B E H A V I O R  O F  A S T A N D A R D  

L I N E A R  B O D Y  I N  A P L A S T O M E R E  O F  P L A N E - P A R A L L E L  S H E A R  

P .  M.  G o r b u n o v  UDC 539.374 

Cons ider  the behav io r  of a p l a s t o m e r e  containing an eas i ly  deformed ma te r i a l ,  whose local mechanica l  
p r o p e r t i e s  a r e  desc r ibed  by a model  of a s tandard  l inear  body [1-4], r ep re sen ted  by th ree  physica l  quanti t ies:  
"the ~ v i scos i ty  7, the instantaneous s h e a r  modulus G 0, and the l o n g - t e r m  shea r  modulus /~. 

A p l a s t o m e r e ,  intended for  invest igat ing nonflowing m a t e r i a l s ,  is shown schemat ica l ly  in Fig. 1, where  1 
i [sa  s tee l  p la te  r igidly connected to the ins t rument ,  2 is the spec imen  of th ickness  l, 3 is the sheared  rigid 
pla te ,  4 is an indica tor  rod r igidly at tached to the shea red  plate ,  5 is a r e t a i n e r  for  fixing the initial s ta te  of 
~Lhe s y s t e m  and fo r  producing the requi red  initial conditions of mot ion of the plate ,  6 is a pulley with a reduced 
momen t  of iner t i a  I and externa l  radius  R, M 0 is the reduced m a s s  of the sheared  plate  and the at tached rod, 
Pl and P0 a r e  the loads at tached to the shea red  plate,  u(x, t) is the d i sp lacement  function of an infinitely thin 
ve r t i ca l  l a y e r  of the m a t e r i a l  invest igated in the d i rec t ion  in which the external  fo rces  of p l ane -pa ra l l e l  shea r  
act ,  x is the axis  of coord ina tes ,  and t is the t ime .  The load P0 is connected to the plate  with a s teel  wire .  
The spec imen  used has a r igidity much  l e s s  than the r igidi ty of the ins t rument  p a r t s  [5]. In the initial s ta te  
the pos i t ion  of the rod is held r igidly by means  o f  the r e t a ine r .  At the instant  of t ime  t = 0  the upper  end of the 
:cod is r e l ea sed  f r o m  the r e t a i n e r  and the pla te  begins to move  under the act ion of the resul t ing load P = P l  + 
M0g--P 0. Then the connecting m a s s  [5] M =M 0 + (P1 +P0)/g +I/R2, where  P l /g ,  P0/g, and I /R  2 a r e  the reduced 
m a s s e s  of the ~oads Pl and P0 and of the rotat ing pulley,  and g is the acce l e ra t ion  due to g rav i ty .  It is a s sumed  
that  the fo rce  of f r ic t ion  f in the bea r ings  of the pulley is much less  than the load P, so that  it can be neglected 
[5]. This  s y s t e m  di f fers  cons iderab ly  f r o m  the p l a s t o m e r e  used in [5-7]. Its dist inguishing fea tu res  a re  as 
tbl lows.  

1. Since the s h e a r  load is the complex  quantity P=  P l - P  0 +M0g , and M=M 0 +(Pl +P0)/g +I/R2, for  the 
s a m e  values of I, R, and P, one can  i nc rea se  or  d e c r e a s e  the value of M over  a wide range  by varying Pl and 
]?0 while keeping P constant .  This  enab les  one to inves t iga te  m a t e r i a l s  both when the s y s t e m  is osci l lat ing and 
under  aper iodic  condit ions.  

2. The s y s t e m  enables one to e l iminate  f by removing  the load P0. 

Since the above v i scoe las t i c  c h a r a c t e r i s t i c s  of eas i ly  deformed m a t e r i a l s  may  depend, in pa r t i cu la r ,  on 
the t e m p e r a t u r e  T [4] and this m a y  cause  de format ion  of the spec imen,  the exper imenta l  conditions mus t  be 
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